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Linear Foliations on affine manifolds.
1. Introduction.
In this paper, we study the topological properties of affine manifolds en-
dowed with linear foliations, which are foliations defined by subspaces invariant
by the linear holonomy. In [25], I have endowed aff(M,∇M ), the Lie alge-
bra of Aff(M,∇M ) the group of affine transformations of the affine manifold
(M,∇M ) with an associative structure, which enables to define non trivial linear
foliations if Aff(M,∇M ) is not discrete. Linear foliations are examples of an-
alytic foliations studied by Haefliger [14], [15] and transversely affine foliations
studied by Bobo Seke [5]. Let FUM be a codimension 1 linear foliation defined on
a compact oriented affine manifold (M,∇M ). We show that there exists a finite
cover M ′ of M such that H1(M,R) 6= 0. If FUM has a compact leaf without
holonomy, then it is the total space of an affine bundle over S1. If (M,∇M ) is
compact and complete there does not exist a compact leaf of FUM with infinite
holonomy. We show that if (M,∇M ) is compact and radiant, the Bobo Seke
cohomology class of FUM does not vanish.
We also study the applications of general results of foliation theory and low
dimensional topology to the topology of affine manifolds. Firstly, by using a re-
sult of Rosenberg [20], we remark that if (M,∇M ) is an n-dimensional compact
and complete affine manifold endowed with a codimension 1 linear foliation
whose leaves are simply connected then M is the n-dimensional torus and is
unimodular. By using results of Stallings and the resolution of the Poincare
conjecture, we show that a 3-dimensional compact affine manifold whose de-
veloping map is injective and which is endowed with a codimension 1 linear
foliation has a finite cover which is the total space of a bundle over S1.
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2. Affine manifolds.
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Definition 2.1An n-dimensional affine manifold (M,∇M ) is an n-dimensional
differentiable manifoldM endowed with a connection ∇M , whose curvature and
torsion form vanish identically. This is equivalent to endow M with an atlas
(Ui, φi)i∈I whose coordinates change are affine maps.
Let Mˆ be the universal cover of M , the pullback ∇
Mˆ
of ∇M to Mˆ defines
on Mˆ the structure of an affine manifold. There exists a local diffeomorphism
DM : Mˆ → R
n, such that a chart containing an element xˆ ∈ Mˆ can be defined
by an open subset Uˆ of Mˆ which contains xˆ, and such that the restriction DM |Uˆ
of DM to Uˆ is a diffeomorphism onto its image.
Definition 2.2. Let (M,∇M ) (resp. (M
′,∇M ′ )) an n-dimensional affine
manifold (resp. an n′-dimensional affine manifold) defined by the affine atlas
(Ui, φi)i∈I (resp. (Vj , ψj)j∈J ). A morphism of affine manifolds f : (M,∇M )→
(M ′,∇M ′) is a differentiable map f , such that ψj ◦ f|Ui ◦ φ
−1
i : R
n → Rn
′
is an
affine map.
We denote by Aff(M,∇M ) the group of affine transformations of (M,∇).
It is the group of diffeomorphisms of M which preserve ∇M . We denote by
Aff(M,∇M )0 its connected component.
The developing map defines a representationHM : Aff(Mˆ,∇Mˆ )→ Aff(R
n)
such that the following diagram is commutative:
Mˆ
g
−→ Mˆ
DM ↓ ↓ DM
M
HM (g)
−→ M
The restriction of HM to the fundamental group pi1(M) of M , is called the
holonomy of (M,∇M ) and denoted by hM . Let L : Aff(R
n) → Gl(Rn) be
the morphism defined by L((A, a)) = A. For every element γ of pi1(M), we
can write hM (γ) = (L(hM )(γ), aγ) where L(hM )(γ) ∈ Gl(R
n) and aγ ∈ R
n.
The representation L(hM ) is called the linear holonomy of (M,∇M ). It is the
holonomy of the connection ∇M in the classical sense.
The group Aff(M,∇M ) is the quotient of the normalizer N(pi1(M)) of
pi1(M)) in Aff(Mˆ,∇Mˆ ) by pi1(M). The Lie algebra aff(M,∇M ) ofAff(M,∇M )
is isomorphic to the Lie algebra n(pi1(M)) of N(pi1(M)). In [25], I have shown
that the restriction of ∇M to aff(M,∇M ) is an associative product, and the
morphism of Lie algebras Lie(HM ) : aff(Mˆ,∇Mˆ ) → aff(R
n) associated to
HM is a morphism of associative algebras where aff(R
n) is endowed with the
canonical structure of associative algebra defined by (A, a).(B, b) = (AB,A(b)).
Definitions 2.3. An affine manifold (M,∇M ) is complete if and only if the
developing map is a diffeomorphism. The affine manifold (M,∇M ) is radiant
if hM fixes an element of R
n. This is equivalent to saying that there exists a
translation ta such that tahM t−a = L(hM ).
The affine manifold is unimodular if and only if the image of L(hM ) is
contained in Sl(n,R) the group of linear automorphisms whose determinant is
1.
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Markus has conjectured that a compact affine manifold is complete if and
only if it is unimodular.
Auslander has conjectured that the fundamental group of a compact and
complete affine manifold is polycyclic.
Milnor [18] has shown that a group without torsion which contains a poly-
cyclic group of finite index is the fundamental group of an affine manifold.
Definitions 2.4. A p-dimensional affine submanifold (F,∇F ) of the affine
manifold (M,∇M ) is a p-dimensional submanifold F ofM , such that the canon-
ical embedding iF : (F,∇F )→ (M,∇M ) is a morphism of affine manifolds.
Let Fˆ be the universal cover of F , we can lift iF to an affine map iˆF : Fˆ → Mˆ .
The image of DM ◦ iˆF is contained in a p-dimensional affine subspace UF of R
n.
The map DM ◦ iˆF : Fˆ → UF is a developing map of F .
There exists a canonical morphism piF : pi1(F )→ pi1(M) induced by iF . Let
γ be an element of pi1(F ), the holonomy hF (γ) is the restriction of hM (piF (γ))
to UF . If there is no confusion, we are going to denote hM (piF (γ)) by hM (γ).
Remark that the kernel of hF can be non trivial and the kernel of hM trivial
as shows the following example:
Example 2.1. Consider the quotient of Rn − {0} by h(x) = 2x, n > 2, it
is an n-dimensional affine manifold, its universal cover is Rn − {0}. Let V be
a 2-dimensional vector subspace of Rn. The quotient of V − {0} by h is a 2-
dimensional affine submanifold of (M,∇M ) diffeomorphic to the 2-dimensional
torus T 2. Its holonomy has a non trivial kernel.
3. Linear foliations: first properties.
The purpose of this section is to define and to study some general properties
of linear foliations.
Definitions 3.1. Let (M,∇M ) be an n-dimensional affine manifold, hM :
pi1(M)→ Aff(R
n) its holonomy representation and L(hM ) its linear part. Sup-
pose that there exists a p-dimensional vector subspace U such that L(hM )(pi1(M))(U) =
U , then, the foliation of Rn whose leaves are p-dimensional affine subspaces par-
allel to U is invariant by hM (pi1(M)). The pullback of this foliation by DM is
a foliation FU
Mˆ
, defined on Mˆ invariant by pi1(M) and which is the pullback of
a foliation FUM defined on M by the covering map pM : Mˆ → M . We will say
that FUM is a linear foliation.
The global holonomy hFUM of the linear foliation F
U
M is the composition of
the holonomy representation hM and the quotient map R
n → Rn/U .
Remark 3.1. A linear foliation is an example of a transversely affine folia-
tion. (see Bobo Seke [5]). We are particularly interested by linear foliations of
codimension 1.
Examples 3.1. Let A be an hyperbolic element of Gl(2,Z), that is, an
integral 2 × 2 matrix which has two real eigenvalues λ, 1
λ
. We can define TA
the suspension of the 2-dimensional torus T 2 over the circle S1, which is the
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quotient of R×R2 by the group generated by the affine transformations f1, f2, f3
defined by f1(x, y, z) = (x+1, A(y, z)), f2(x, y, z) = (x, y+1, z) and f3(x, y, z) =
(x, y, z+1). Let (y0, z0) an eigenvector associated to the eigenvalue λ. The plane
Pλ generated by (1, 0, 0) and (0, y0, z0) is invariant by the linear holonomy of
TA and defines a linear foliation F
Pλ
TA
on TA. The leaves of this foliation can
be cylinders, planes or mobius bands and are dense in TA. Similarly, one can
define the linear foliation F
P 1
λ
TA
. Ghys and Sergiescu [11] have shown that every
infinitely differentiable codimension 1 foliation defined on TA which is C
1 close
to FPλTA (resp. C
1 close to F
P 1
λ
TA
) is conjugated to it.
Fried Goldman and Hirsch ([10] theorem 4.1) have shown that if the fun-
damental group of a compact affine manifold (M,∇M ) is nilpotent, then either
(M,∇M ) is radiant or (M,∇M ) is endowed with a codimension 1 linear foliation.
Let (M,∇M ) be an affine manifold, Lie(HM )(n(pi1(M)), the image of n(pi1(M))
by Lie(HM ) is stable by the associative product of aff(R
n). The theorem 23
III of Albert [1] implies that we can write Lie(HM )(n(pi1(M)) = SM ⊕ NM
where SM is a semi-simple associative algebra and NM a nilpotent associative
algebra. SM =
∑i=l
i=1M(ni,Ki),Ki is the field of real, complex or quaternions.
Proposition 3.1. Let (M,∇M ) be an n-dimensional affine manifold such
that Aff(M,∇M ) is not discrete, then (M,∇M ) is endowed with a linear foli-
ation or (M,∇M ) is a radiant affine manifold.
Proof. The fact that Aff(M,∇M ) is not discrete implies that either SM
or NM is not trivial.
Suppose that NM is not trivial, there exists a non zero element (C, c) ∈ NM
such that (C, c)2 = (C2, C(c)) = 0. If C 6= 0, then the linear holonomy preserves
Ker(C), the kernel of C and Im(C), the image of C which are proper, non
trivial, vector subspaces of Rn. We deduce the existence of linear foliations
F
Ker(C)
M and F
Im(C)
M on (M,∇M ). If C = 0, then c 6= 0. For every element
γ ∈ pi1(M), L(hM )(γ)(c) = c. We deduce that the line D, generated by c defines
a linear foliation FDM on (M,∇M ).
Suppose that SM is not trivial, there exists a non trivial idempotent E in
SM . The vector subspaces Ker(E) and Ker(E − Id
n
R
) are preserved by the
linear holonomy. If E is not bijective, then there exists a linear foliation on
(M,∇M ) defined by F
Ker(E)
M . If E is bijective, then the holonomy commutes
with the flow of E. This implies that M is a radiant affine manifold.
Proposition 3.2. Let (M,∇M ) be a 3-dimensional compact affine manifold
such that hM is injective suppose that NM is not trivial, then either there exists
a non trivial translation which commutes with the holonomy or a finite cover of
M is the total space of a bundle over S1.
Firstly, we prove:
Lemma 3.1. Let (M,∇M ) be a closed 3-dimensional affine manifold whose
fundamental group is solvable, then there exists a finite cover of M which is the
total space of a bundle over S1.
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Proof. The classification of manifolds with a solvable fundamental group
(see [2] Theorem 1.20) implies that a finite cover of M is the total space of a
bundle over S1 or M is homeomorphic to PR3#PR3 which cannot be endowed
with an affine structure (see Smillie [22] Theorem 1).
Proof of proposition 3.2. Suppose that NM is not trivial, there exists a
non zero element (C, c) of NM such that (C, c)
2 = (C2, C(0)) 6= 0, if C = 0. We
have seen in the proof of the proposition 3.1 that the translation generated by
c commutes with the holonomy. If C 6= 0, then dim(Im(C)), the dimension of
Im(C) is 1, dim(Ker(C)) = 2 and Im(C) ⊂ Ker(C). Since the linear holonomy
preserves Im(C) and Ker(C), we deduce that the holonomy hM (pi1(M)) is
solvable. This implies that pi1(M) is solvable since hM is injective.
Proposition 3.3. Let (M,∇M ) be a 3-dimensional compact affine manifold,
suppose that SM is not trivial, then (M,∇M ) either is radiant or there exists a
codimension 1 linear foliation defined on (M,∇M ).
Proof. There exists a non trivial idempotent E which is an element of SM .
We can write R3 = Ker(E) ⊕ Ker(I − IdR3). Suppose that Ker(E) = 0, we
deduce that E = IdR3 and the holonomy hM commutes with the radiant flow.
This implies that (M,∇M ) is a radiant manifold.
If Ker(E) 6= 0, either dim(Ker(E)) = 2 or dim(Im(E)) = 2, we deduce
that either F
Ker(E)
M or F
Im(E)
M is a codimension 1 linear foliation.
4. Some properties of codimension 1 linear foliations.
In this section, we are going to study some properties of codimension 1 linear
foliations. We start by applying a result of Rosenberg [20].
Proposition.4.1. A compact, complete and oriented n-dimensional affine
manifold (M,∇M ) endowed with a codimension 1, linear foliation F
U
M whose
leaves are simply connected is unimodular. Conversely, suppose that (M,∇M )
is a compact and unimodular n-dimensional affine manifold endowed with a
linear foliation FUM whose leaves are diffeomorphic to R
n−1, then (M,∇M ) is
complete.
Proof. Let (M,∇M ) be a compact and complete affine manifold endowed
with a codimension 1 linear foliation FUM whose leaves are simply connected.
Since a leaf F of FUM is the quotient of an affine subspace of R
n by a subgroup
of pi1(M), we deduce that the leaves of F
U
M are diffeomorphic to R
n−1. The
theorem 2 of Rosenberg [20] implies that pi1(M) is commutative. By applying
the theorem A in Fried Goldman and Hirsch [10], we deduce that (M,∇M ) is
unipotent, hence unimodular. Conversely, let (M,∇M ) be an n-dimensional
compact, unimodular, affine manifold endowed with a codimension 1 linear foli-
ation whose leaves are diffeomorphic to Rn−1, the theorem 2 of Rosenberg [20]
implies that pi1(M) is commutative, since (M,∇M ) is unimodular and endowed
with a parallel volume form,the theorem A in Fried, Goldman and Hirsch [10]
implies that (M,∇M ) is complete.
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Remark 4.1. In [13] p. 190, Goldman and Hirsch have shown that the
Markus conjecture is true if Aff(M,∇M ) acts transitively onM . I have general-
ized this result by showing that the Markus conjecture is true if dim(Aff(M,∇M ) ≥
dim(M)− 1 See Tsemo [25]. The previous proposition is related to Tsemo [25]
since in Tsemo [25], it is shown that the orbits of Aff(M,∇M )0 are leaves of
a linear foliation of codimension 1 if dimAff(M,∇M )0 = dim(M) − 1 and if
(M,∇M ) is compact and complete or compact and unimodular.
Let F be a codimension 1 analytic foliation defined on the closed manifold
M . Haefliger (see [14] and [15]), has shown that the number of compact leaves
of F is finite, or all the leaves of F are compact. We adapt the arguments of
Haefliger in the context of affine manifolds:
Proposition 4.2. Let (M,∇M ) be a compact affine manifold endowed with
a codimension 1 linear foliation FUM . Suppose that M has a compact leaf F0
without holonomy, then every leaf of FUM is compact and there exists an affine
morphism (M,∇M )→ S
1 whose fibres are the leaves of FUM .
Proof. The Reeb stability theorem implies that C, the union of compact
leaves without holonomy is open. C is also closed. To show that, consider x an
element of the adherence C¯ of C. Consider an affine chart V which contains x
and an affine transversal T to FUM ∩ V which contains x. Since C ∩ V is open,
C ∩ T is open. Let Fx be the leaf of F
U
M containing x. The theorem 3.2 of
Haefliger [15] p. 386 implies that the leaf Fx is closed. We show now that Fx
does not have holonomy. For every element γ of pi1(Fx), the holonomy of γ at
T is an affine map which is the identity on the open subset of T , C ∩ T , thus it
is constant. This implies that Fx does not have holonomy, we deduce that C is
open and closed and C =M .
The space of leaves of FUM is endowed with an affine structure whose charts
are defined by local affine transversals.
We are going to study now the leaves which have an infinite holonomy:
Proposition 4.3. Let (M,∇M ) be a compact affine manifold endowed with
a codimension 1 linear foliation FUM , which has compact leaves F1, ..., Fp, such
that the holonomy of F1 is infinite. We suppose that:
(i). The developing map is a covering, thus (M,∇M ) is the quotient of
DM (Mˆ) by hM (pi1(M));
(ii). there exists leaves F ′1, ..., F
′
p of F
U
Mˆ
, such that pM (F
′
i ) = Fi and ∪i=1,..,pDM (F
′
i ) =
U ∩DM (Mˆ).
Then, there exists a basis (e1, ..., en) of R
n such that (e1, ..., en−1) is a basis
of U and for every γ ∈ pi1(M), L(hM )(γ)(0) ∈ U .
Proof. Let γ be an element of pi1(F1) which has an infinite holonomy.
Write L(hM ))(γ)(en) = aen + u, u ∈ U , we can suppose that |a| < 1 and
up to a change of origin, that hM (γ)(0) ∈ U . Let γ
′ ∈ pi1(M), suppose that
hM (γ
′)(0) = ben+v, v ∈ U , for every integer l, hM (γ
lγ′)(0) = alben+ul, ul ∈ U .
We are going to show that b = 0. Suppose that b 6= 0.
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Let x be an element of F1 and x
′ ∈ Fˆ1 such that pM (x
′) = x. Consider
open subsets V of M and V ′ of Mˆ such that the restriction of pM to V
′ is a
diffeomorphism onto V , and the restriction of DM to V
′ is a diffeomorphism
onto its image. Since limla
lb = 0, there exist an integer l and an element z” ∈ U
such that hM (γ
lγ′)(z”) ∈ DM (V
′). Since U ∩ DM (Mˆ) = ∪i=1,..,pDM (Fˆi), we
deduce that there exists i ∈ 1, .., p, z′ ∈ F ′i such that DM (z
′) = z”, write
z = pM (z
′). Since DM (γ
lγ′(z′)) = DM (w
′), w′ ∈ V ′ and (i) is satisfied, there
exists α ∈ pi1(M) such α(z
′) = w′. This implies that every neighborhood V of
x contains at least two distinct plaques of FUM which are subsets of ∪i=1,...,pFi.
This is impossible since each Fi is compact. (See Haefliger [15] proposition 3.1).
Proposition 4.4. Under the hypothesis and notations of the proposition
4.3, a leaf F is compact if and only if there exists i ∈ {1, ..., p} such that F = Fi
and the holonomy of every non compact leaf is trivial.
Proof. Consider a leaf F distinct of F1, ..., Fp. Let Fˆ be a leaf of F
U
Mˆ
such that pM (Fˆ ) = F ; DM (Fˆ ) is contained in an affine subspace w + U , write
w = wnen, wn 6= 0. Let γ ∈ pi1(F ), since hM (γ)(w + U) = w + U , we deduce
that hM (γ)(w) ∈ w+U . We have: hM (γ)(w) = L(hM )(γ)(wnen)+hM (γ)(0) =
w+ u′, u′ ∈ U . The proposition 4.3 implies that hM (γ)(0) ∈ U , we deduce that
L(hM )(γ)(en) = en+ v, v ∈ U . This implies that F does not have holonomy. If
F is compact, this is in contradiction with proposition 4.2.
Remarks 4.3. Consider the quotient of R2 − {0} by h(x) = 2x, it is the
torus T 2, remark that the developing map is not a diffeomorphism, but is a
covering. The foliation of R2 whose orbits are parallel to the x-axis induces
on T 2 a linear foliation which has two compact leaves which correspond to the
images of {(x, 0) ∈ R−{0}, x > 0} and {(x, 0) ∈ R−{0}, x < 0} by the universal
covering map.
Sullivan and Thurston [23] have endowed the three dimensional torus with
the structure of an affine manifold such that the image of the developing map
is R3 − {D1, D2, D3} where D1, D2, D3 are 3 distinct lines which meet at the
origin. We deduce that the developing map of this affine structure is not a
covering map.
Proposition 4.5. Let (M,∇M ) be a compact, complete affine manifold
endowed with a linear foliation FUM of codimension 1. Suppose that F
U
M has a
compact leaf, then all the leaves of FUM are compact and there exists a finite
cover (M ′,∇M ′) of (M,∇M ) and an affine map f : (M
′,∇M ′) → S
1, here S1
is the quotient of R by a translation.
Proof. Let F0 be the compact leaf of F
U
M . It is enough to show that the
holonomy of every element of pi1(F0) is finite, and use proposition 4.2 which
implies that there exists a finite cover (M ′,∇M ′ ) of (M,∇M ) and an affine
map f : (M ′,∇M ′) → S
1 whose fibres are leaves of the pullback of FUM to M
′.
Remark that since M ′ is complete, the affine structure of the space of leaves S1
is complete. We deduce that S1 is the quotient of R by a translation.
Suppose that the holonomy of F0 is not finite, without restricting the general-
ity, we can suppose that pM (U) = F0. The proposition 4.3 implies that for every
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element γ of pi1(M), hM (γ)(0) ⊂ U . Since (M,∇M ) is compact and complete,
Fried, Goldman and Hirsch [10] p. 496 implies that there exists γ′ ∈ pi1(M)
such that hM (γ
′)(0) is not contained in U . Contradiction.
Theorem 4.1. Let FUM be a transversely oriented codimension 1 linear
foliation defined on the compact affine manifold (M,∇M ). Consider (e1, ..., en)
a basis of Rn such that U = V ect(e1, ..., en−1). There exists γ ∈ pi1(M) such
that L(hM )(γ)(en) = anen + un where un ∈ U and |an| 6= 1 or there exists
γ ∈ pi1(M) such that the coordinates of hM (γ)(0) in the basis (e1, ..., en) are
(b1, ..., bn) with bn 6= 0.
Proof. Suppose that for every γ ∈ pi1(M), L(hM )(γ)(en) = en+un, un ∈ U
and the coordinates of hM (γ)(0) in the basis (e1, ..., en) are (b1, ..., bn−1, 0).
Case 1.
Suppose that for every integer p > 0, there exists x′p ∈ Mˆ such that the
coordinates of DM (x
′
p) in (e1, ..., en) are (a
x′p
1 , ..., a
x′p
n ) and |a
x′p
n | > p. The se-
quence xp = pM (x
′
p) has a limit point y. We denote by xnp a subsequence of
xp which converges towards y. Let y
′ ∈ Mˆ such that pM (y
′) = y, and V a
neighbourhood of y′ such that DM (V ) is contained in a closed ball B. There
exists γnp ∈ pi1(M) such that γnp(x
′
np
) ∈ V for np > P . We deduce that
DM (γnp(x
′
np
)) = hM (γnp)DM (x
′
np
) = a
x′np
n en+ux′
P
where ux′p ∈ U is contained
in B for every integer np > P . Contradiction since |a
x′p
n | > p.
Case 2.
Suppose that there exists C such that for every x′ ∈ Mˆ , the coordinates of
DM (x
′) in the basis (e1, ..., en) are (a
x′
1 , ..., a
x′
n ) and |a
x′
n | < C.
We suppose that C is the minimum real number such that |ax
′
n | < C for
every x′ ∈ Mˆ . Remark that there does not exist x′ such that |ax
′
n | = C since
DM (Mˆ) is open. There exists a sequence cp such that |cp| < C, lim|cp| = C and
an element x′p ∈ Mˆ such that the coordinates of DM (x
′
p) in the basis (e1, ..., en)
are (a
x′p
1 , ..., a
x′p
n ) with |a
x′p
n | = cp. Write xp = pM (x
′
p). The sequence xp has
a limit point y. We write y = limxnp . Let y
′ ∈ Mˆ such that pM (y
′) = y.
There exist elements γp ∈ pi1(M) such that limpγp(x
′
np
) = y′. We deduce that
DM (y
′) = limpDM (γp)(x
′
np
)).
We have: hM (γp)(DM (x
′
np
)) = hM (γp)(a
x′np
1 , ..., a
x′np
n ) = a
x′np
n en+unp where
unp ∈ U and |a
x′np
n | = cnp . This implies that DM (y
′) = cen + u, u ∈ U and
|c| = C. Contradiction.
Corollary 4.1. Let (M,∇M ) be a compact affine manifold endowed with a
linear foliation FUM of codimension 1, then there exists a finite cover M
′ of M
such that H1(M ′,R) 6= 0.
Proof. Let γ ∈ pi1(M), write L(hM )(γ) = aγen + uγ where uγ ∈ U . The
map defined on pi1(M) by a(γ) = aγ is a morphism of groups. Up to a finite
cover, we can suppose that for every γ ∈ pi1(M), aγ > 0. We deduce that
8
Log(aγ) is a cocycle. Suppose that Log(aγ) is trivial, we deduce that we can
conjugate the holonomy with a linear map g defined by g(ei) = ei, i < n,
g(en) = a0en such that for every γ ∈ pi1(M), L(hM )(γ)(en) = en + uγ , uγ ∈ U .
After this conjugation, write hM (γ)(0) = (b
γ
1 , ..., b
γ
n) in the basis (e1, ..., en).
The correspondence defined on pi1(M) by b(γ) = b
γ
n is a 1-cocycle. If this 1-
cocycle is trivial, we can conjugate the holonomy by a translation of the form
(0, ..., 0, b0) such that for every element γ ∈ pi1(M), hM (γ)(0) = (c
γ
1 , ..., c
γ
n−1, 0).
The theorem 4.1 shows that this is not possible.
Remark 4.4. Let ω be a closed 1-form defined on the manifold M . We can
associate to M a 1-Cech cocycle defined as follows: consider an open covering
of (Ui)i∈I of M such that for every i ∈ I, Ui is contractible. Let ωi be the
restriction of ω to Ui, there exists a differentiable function fi defined on Ui
such that dfi = ωi; we write aij = fj − fi. This correspondence induces an
isomorphism between the De Rham cohomology group H1DR(M) and the Cech
cohomology group of the sheaf of locally constant R-valued functions defined on
M , H1Cech(M,R).
To an element [a] of H1Cech(M,R) represented by the cocycle (aij) in the
good covering (Vi)i∈I , we can associate a representation ha of pi1(M) as follows:
let x ∈ M,x′ ∈ Mˆ such that pM (x
′) = x. Let γ an element of pi1(M), there
exists open subsets V ′1 , V
′
2 ⊂ Mˆ such that x
′ ∈ V ′1 , γ(x) ∈ V
′
2 , the restrictions
of pM to V
′
j , j = 1, 2 are injective, pM (V
′
j ) ⊂ Vij , j = 1, 2 . We write ha(γ) =
ai1i2 . This correspondence induces an isomorphism between H
1
Cech(M,R) and
H1(pi1(M),R). With these identifications, we can show:
Corollary 4.2. The cocycle Log(aγ) defined on the finite cover M
′ of M
in the proof of the corollary 4.1 corresponds to the closed 1-form ω1 defined by
Bobo Seke [5] Theorem 1. p. 8. We will denote by b(FUM ′) its cohomology class.
Proof. We suppose that FUM is transversally oriented, this enables to sup-
pose that M = M ′. We adapt the definition of Bobo Seke to the context of
affine manifolds. Let (Vi, φi)i∈I an affine atlas such that the restriction of F
U
M
to Vi, is defined by dx
i
n = 0 in the affine coordinate (x
i
1, .., x
i
n). The remark 4.4
shows that dxj = aijdxi, where Log(aij) is the Cech equivalent of the cocycle
Log(aγ) which appears in the proof of the corollary 4.1. The distribution tan-
gent to the foliation FUM is defined globally by a 1-form ω, we denote by ωi the
restriction of ω to Vi, there exists a differentiable function fi defined on Vi such
that ωi =
dxin
fi
. On Vi ∩ Vj , we have
dfi
fi
=
dfj
fj
, we deduce that there exists a
form ω1 whose restriction to Vi is
dfi
fi
, since dLog(fi) =
dfi
fi
, Log(fj)−Log(fi) is
a Cech representation of ω1. The fact that dxj = aijdxi implies that fj = aijfi.
We deduce that Log(fj)− Log(fi) = Log(aij).
5. Codimension 1 linear foliations defined on 3-dimensional affine
manifolds.
In this part, we are going to study codimension 1 linear foliations defined
on 3-dimensional affine manifolds by applying general results known about the
topology of 3-manifolds.
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Proposition 5.1. Let (M,∇M ) be a 3-dimensional affine manifold endowed
with a linear foliation of codimension 1 which has a compact leaf F0, and such
that the developing map is injective, then M is the total space of a bundle over
S1.
Proof. The affine manifold (M,∇M ) is the quotient of an open subset V of
R
3 by pi1(M) since DM is injective. Let Fˆ0 a leaf of F
U
V such that pM (Fˆ0) = F0.
Let H be the kernel of (hFU
M
), the global holonomy and G its image. The
group H preserves every leaf of FUV , we deduce that it preserves Fˆ0 and H is
a subgroup of hF0(pi1(F0)). Since the dimension of F0 is 2, we deduce that F0
is the 2-dimensional torus or the Klein bottle and H is finitely generated since
pi1(F0) is polycyclic. Since pi1(M) is finitely generated, we deduce that G is a
finitely generated subgroup of Aff(R).
Case 1.
Suppose that G is commutative, there exists a surjective morphism g : G→
Z. Since the theorem 4.1 implies that the image of the global holonomy of FUM
is infinite. The kernel H ′ of g ◦ hFUM is finitely generated.
Case 2.
Suppose that G is not commutative.
Consider a basis (e1, e2, e3) of R
3 such that (e1, e2) generates U . We are
going to show that [G,G] is finitely generated. Suppose that [G,G] is not
finitely generated, this implies that [G,G] is a dense subgroup of translations
of R, and for every c > 0, there exists γ ∈ pi1(M) such that γ(0) = (a1, a2, a3)
where |a3| < c, and LM (γ)(e3) = e3. This implies that all the leaves of F
U
M are
locally dense. Contradiction since F0 is compact.
The quotient of G by [G,G] is a finitely generated group, there exists a
surjective morphism h : G/[G,G] → Z whose kernel is finitely generated, since
the theorem 4.1 implies that the image of the global holonomy of FUM is infinite.
Let p : G → G/[G,G] the quotient map, the kernel of p, [G,G] is finitely
generated, we deduce that H ′, the kernel of h ◦ p ◦ hFU
M
is finitely generated.
For the cases 1 and 2, we have shown the existence of an exact sequence:
1→ H ′ → pi1(M)→ Z→ 1
where H ′ is finitely generated. The fibration theorem of Stallings and the
resolution of the Poincare conjecture (see [2] p. 24) implies that M is the total
space of a bundle over S1.
Proposition 5.2. Let (M,∇M ) be a compact affine manifold endowed with
a transversely orientable codimension 1 linear foliation FUM . Suppose that DM
is injective and FUM does not have a compact leaf, then a finite cover of M is
the total space of a bundle over S1.
Firstly, we prove the following lemma:
Lemma 5.1. Let G be a Lie subgroup of Aff(R2), the group of affine
transformations of R2. Suppose that L(G) the linear part of G contains Sl(2,R),
then G acts transitively on R2 or has a unique fixed point.
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Proof. Let L : Aff(R2) → Gl(R2) defined by L(A, a) = A. Let G0 the
connected component of L−1(Sl(2,R)) and G0 its Lie algebra. Let l : G0 → R
2
defined by l(A, a) = a, if l is injective, it is a 1-cocycle. The Whitehead’s lemma
implies that the cohomology class of l is trivial and G0 has a fixed point x0
that we assume to be the origin, we deduce that G acts transitively on R2−{0}
since SL(2,R) acts transitively on R2 − {0}. If l is not injective, there exists
(0, a) ∈ G0, a 6= 0. Let (B, b) be another element of G0, [(B, b); (0, a)] = (0, B(a))
there exists B ∈ L(G0) = sl(2,R) such that (a,B(a)) is a basis of R
2, we deduce
that G0 contains (I, ta+ t
′B(a)), t, t′ ∈ R and acts transitively on R2.
Proof of the proposition 5.2. The manifold M is the quotient of a
simply connected open subset V of R3 by pi1(M) since DM is injective. The
Novikov compact leaf theorem (see Novikov [19] theorem 9.1) implies that V is
contractible. Let F be a leaf of FUM , and Fˆ a leaf of F
U
V such that pM (Fˆ ) =
F . We denote by i
Fˆ
: Fˆ → V the canonical embedding. We are going to
show that pi1(Fˆ ) = 1. Suppose that there exists a loop c : S
1 → Fˆ which
is not contractible; pF (c) is not contractible in F . Suppose that iF (pF (c)) is
contractible in M . The theorem 3.4 of Hector and Hirsch [16] implies that FUM
has a vanishing cycle. Novikov compact leaf theorem implies that there exists
a Reeb component and a compact leaf. Contradiction. But if iF (pF (c)) is not
contractible, it cannot be lifted to a loop in Mˆ . Contradiction. The Riemann
mapping theorem implies that Fˆ is contractible.
Suppose that pi1(M) is not solvable. We have an exact sequence:
(1) 1→ Ker(hFUM )→ pi1(M)→ Im(hFUM )→ 1.
Since Im(hFU
M
) is a subgroup of the solvable group Aff(R2), it is solvable.
We deduce that Ker(hFU
M
) is not solvable.
Let cd(Ker(hFU
M
)) be the cohomological dimension of Ker(hFU
M
).
Remark that cd(Ker(hFU
M
) cannot be superior to 3, since Ker(hFU
M
) acts
properly and freely on the contractible manifold Fˆ , thus the quotient space
Fˆ /Ker(hFU
M
) is a 2-dimensional K(Ker(hFU
M
), 1) Eilenberg McLane space. If
cd(hFU
M
) = 2, then Fˆ /Ker(hFU
M
) which is a covering of F is compact. We
deduce that F is compact. Contradiction. We deduce that cd(hFU
M
) = 1. The
theorem of Stallings (Serre [21] example c) p. 90) implies that ker(hFU
M
) is a
free group. We identify the image of hF to a subgroup of affine transformations
of the plane parallel to U which contains Fˆ . The Zariski adherence Z(hF ), of
the image of hF , is a subgroup of Aff(R
2) whose linear part contains Sl(2,R),
since it contains Ker(hFU
M
) which is not solvable. Remark that Z(hF ) preserves
the boundary of V ∩ Fˆ , since it is an algebraic set, (see Sullivan Thurston [23]
p.22). The lemma 5.1 implies that V ∩ Fˆ is isomorphic as an affine space to R2
or R2 − {0}. It cannot be isomorphic to R2 − {0} since Fˆ is contractible. We
deduce that F is endowed with the structure of a complete affine manifold. This
implies that the action of hF is free and every element in the image of L(hF ) has
1 as a eigenvalue. This implies that the linear part of every element of Z(hF )
has 1 as an eigenvalue, contradiction, since L(Z(hF )) contains Sl(2,R).
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We deduce that pi1(M) is solvable. The lemma 3.1 implies that a finite cover
of M is the total space of a bundle over S1.
The propositions 5.1 and 5.2 enable to show:
Theorem 5.1. Let (M,∇M ) be a 3-dimensional compact affine manifold,
such that DM is injective. If (M,∇M ) is endowed with the structure of a codi-
mension 1 linear foliation, then a finite cover of M is the total space of a bundle
over S1.
We can deduce:
Corollary 5.1. Let (M,∇M ) be a 3-dimensional affine manifold such that
Aff(M,∇M ) is not discrete. Suppose that DM is injective, then either a finite
cover of M is the total space of a bundle over S1 or a non trivial translation
commutes with hM .
Proof. If NM is not trivial, the proposition 3.2 shows that either M is the
total space of a bundle over S1, or a non trivial translation commutes with hM .
If SM is not trivial, the proposition 3.3 shows that (M,∇M ) is endowed with a
codimension 1 linear foliation. The theorem 5.1 implies that a finite cover ofM
is the total space of a bundle over S1.
Remark 5.1. With the hypothesis of the proposition 5.1, we can conclude
that a finite cover ofM is the total space of a bundle over S1 by remarking that
the kernel of the global holonomy is solvable, since it is contained in the image
of the holonomy of the compact leaf and the image of the global holonomy is
solvable. This implies that pi1(M) is solvable and we can apply the lemma 3.1.
In the proof of the proposition 5.2, we have used the fact that the funda-
mental group of a complete 2-dimensional affine manifold is solvable. There
exist 2-dimensional affine manifolds whose fundamental group is not solvable:
for example, consider R2 − {(0, 0); (0, 1)}. It is a 2-dimensional affine manifold
whose fundamental group is the free group.
In [18], Milnor asked if there exists a complete affine manifold whose fun-
damental group is not virtually polycyclic. In [19], Margulis has constructed
an example of properly and free action of F2, the free group generated by two
elements on R3. The quotient of R3 by this action of F2 is an handlebody.
Drumm [8] has constructed fundamental domains for this action by defining the
notion of crooked plane see also [6].
6. Linear foliations defined on radiant affine manifolds.
The purpose of this section is to study a codimension 1 linear foliation FUM
defined on the n-dimensional compact radiant affine manifold (M,∇M ). Let
(e1, ..., en) be a basis of the vector space R
n, we are going to suppose that U
is generated by (e1, ..., en−1) and for every element γ of pi1(M), hM (γ)(0) = 0.
We start with the following result:
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Proposition 6.1. Suppose that (M,∇M ) is a compact and radiant affine
manifold endowed with a transversely oriented codimension 1 linear foliation
FUM , the Bobo Seke class b(F
U
M ) of F
U
M is not zero.
Proof. Suppose that b(FUM ) = 0, it implies that we can conjugate the
holonomy by a linear map g such that g(ei) = ei, i < n and g(en) = aen such
that for every γ ∈ pi1(M), ghM (γ)g
−1(en) = en + un, un ∈ U . This is in
contradiction with the theorem 4.1.
Lemma 6.1. Let (M,∇M ) be a compact and radiant affine manifold en-
dowed with a linear foliation of codimension 1, FUM . Suppose that there exists a
compact leaf F0 such that DM (Fˆ0)∩U is empty, where Fˆ0 is a leaf of F
U
Mˆ
such
that pM (Fˆ0) = F0, then every leaf of F
U
M is compact.
Proof. Let aen+U the affine subspace which containsDM (Fˆ0), for every γ ∈
pi1(F ), we have hM (γ)(aen) ∈ aen + U since hM (γ)(U) = U and hM (γ(en)) =
ben+u, u ∈ U , we deduce that hM (γ)(aen) = baen+au, and b = 1. This implies
that the holonomy of F0 is trivial; we can apply the proposition 4.2.
Proposition 6.2. Let (M,∇M ) be a closed radiant affine manifold endowed
with a linear foliation of codimension 1. Suppose that DM (Mˆ) ∩ U is empty,
M is the total space of a fibre bundle over S1, if there exists a compact leaf F ,
then all the leaves of FUM are compact.
Proof. Since DM (Mˆ) ∩ U is empty, the form ω” =
dxn
xn
is well-defined on
DM (Mˆ) and invariant by the holonomy. The pullback ω
′ of ω” by DM is the
pullback of a form ω of M by pM . The form ω is a closed 1-form which defines
FUM . The theorem of Tischler [24] implies that M is the total space of a fibre
bundle over S1.
Suppose that the leaf F of FUM is compact. The lemma 6.1 implies that
every leaf of FUM is compact.
Proposition 6.3. Let (M,∇M ) be a compact radiant affine manifold en-
dowed with a codimension 1 transversely oriented linear foliation FUM . Suppose
that DM (Mˆ)∩U is not empty. Let F be a leaf of F
U
M and Fˆ a leaf of F
U
Mˆ
such
that pM (Fˆ ) = F . If DM (Fˆ ) ⊂ U , then F is compact. Conversely, suppose F is
a compact leaf, then DM (Fˆ ) ⊂ U .
Proof. Let Fˆc = D
−1
M (U), it is a union of leaves of Fˆ
U
Mˆ
. We are going to
show that pM (Fˆc) = Fc is closed. Since the connected components of pM (Fˆc)
are leaves of FUM , we deduce that these leaves are closed.
Let y ∈ M such that y = limpxp, xp ∈ Fc. For every p, let x
′
p ∈ Mˆ
such that pM (x
′
p) = xp and y
′ ∈ Mˆ such that pM (y
′) = y. There exists a
sequence γp ∈ pi1(M) such that limpγp(x
′
p) = y
′. This implies that DM (y
′) =
limphM (γp)(DM (x
′
p)), we deduce that DM (y
′) ∈ U and Fc is closed.
Suppose that there exists a compact leaf F which is not a connected com-
ponent of Fc. The lemma 6.1 implies that F does not have holonomy and the
proposition 4.2 implies that the leaves of FUM are the fibres of a fibration over
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S1 whose total space isM . Let p : R→ S1 be the universal cover. The pullback
of the fibration by p is the quotient M ′ of Mˆ by pi1(F ), and M is the quotient
of M ′ by the generator f of pi1(S
1). Remark that M ′ is R× S1. The action of
f on M ′ does not preserves any finite set of fibres since its projection on R is
free. This is in contradiction with the fact that this action must preserves Fc.
Proposition 6.4. Let FUM be a codimension 1 transversely oriented linear
foliation defined on the closed radiant affine manifold (M,∇M ). Suppose that
the developing map DM is injective and DM (Mˆ) ∩ U is not empty. Then the
restriction of hM (pi1(M)) to U is injective.
Proof. We can identify Mˆ to an open subset W of Rn. Since W ∩U is not
empty, FUM has a compact leaf F which is the image of a connected component of
W∩U by the universal covering map. Suppose that the restriction of hM (γ) to U
is the identity. Let (e1, ..., en) be a basis of R
n such that U = V ect(e1, ..., en−1),
we have hM (γ)(ei) = ei, i ≤ n− 1, hM (γ)(en) = aen. Since F
U
M is transversely
oriented, a 6= −1. Without restricting the generality, we can suppose that
|a| < 1. Let x ∈ U ∩W , we can write x = (a1, ..., an−1, 0), there exists t > 0
such that y = (a1, .., an−1, t) ∈ W . Since the action of pi1(M) on W is proper
and free, there exists open subsets L,L′ of W such that x ∈ L, y ∈ L′ and for
every γ ∈ pi1(M), hM (γ)(L)∩hM (γ)(L
′) is empty. There exists p ∈ N such that
hN (γ
p)(y) = (a1, .., an−1, a
pt) ∈ L. Contradiction.
Proposition 6.5. Suppose that an n-dimensional compact oriented radiant
affine manifold (M,∇M ) is endowed with a codimension 1 linear foliation F
U
M
such that DM (Mˆ) ∩ U is not empty. Let F be a compact leaf of F
U
M such that
the kernel of the holonomy representation of the affine structure of F induced
by (M,∇M ) is of type FP. If M and F are 1-Eilenberg-McLanes spaces, then
the developing map is not injective.
Proof. Suppose that the developing map DM is injective. Let Fˆ be the uni-
versal cover of the compact leaf F . The affine structure (M,∇M ) induces on F
an affine structure which defines the holonomy hF : pi1(F )→ Gl(U). The propo-
sition 6.4 implies that the restriction of hM (pi1(M)) to U is injective. We deduce
that hF (pi1(F )) = hM (pi1(M)) = pi1(M). There exists an exact sequence 1 →
Ker(hF )→ pi1(F )→ hF (pi1(F ))→ 1; cd(hF (pi1(F )), the cohomological dimen-
sion of hF (pi1(F )) is finite since hF (pi1(F )) = pi1(M) is the fundamental group of
the K(pi1(M), 1) space M . Since we have assumed that Ker(hF ) is of type FP,
the theorem 5.5 of Bieri implies that cd(pi1(F )) = cd(Ker(hF ))+cd(hF (pi1(F ))),
this implies that cd(pi1(M)) = cd(hF (pi1(F ))) < n. Contradiction.
Remark 6.1. Choi [7] has shown that if (M,∇M ) is a 3-dimensional radiant
affine manifold, then M is homeomorphic a Seifert fibered space with trivial
Euler number, or a virtual bundle over a circle with fiber homeomorphic to a
torus.
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